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In the polymerase chain reaction a molecule replicates with a probability *p*(*z*), which will be of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p(z)=\frac{C}{K+z}, \end{aligned}$$\end{document}$$under the asumption of Michaelis--Menten kinetics. Here, *K* is the Michaelis--Menten constant, large in terms of molecule numbers, *z* the number of DNA molecules at the actual round, and *C* a constant, which can be written as *vK*, where *v* is the maximal rate or speed of the reaction, corresponding to $\documentclass[12pt]{minimal}
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                \begin{document}$$v = p(0)$$\end{document}$ is the probability of successful replication under the most benign circumstances, and the decrease of *p*(*z*), as the number *z* of DNA strands present increases, mirrors that the latter are being synthesized from DNA building blocks, which disappear as the number of DNA molecules increases. As has been observed recently, though this is the general pattern, there are exceptions where the replication probability actually increases in the very first generation, due to impurities in templates (Ståhlberg et al. [@CR22]).

In this paper we disregard this and rely upon the Michaelis--Menten based approach in Jagers and Klebaner ([@CR11]), where it was used to explain the first exponential but later linear growth of molecule numbers, see also Best et al. ([@CR3]), Lalam et al. ([@CR16]), Lievens et al. ([@CR17]). For a statistical analysis, where PCR is modeled by branching processes without environmental change due to growth but with random effects and starting numbers cf. Hanlon and Vidyashankar ([@CR8]).

Here we turn to the important task of determining the initial number, viewed as unknown but fixed, of molecules in a PCR amplification, i.e. classical quantitative PCR. In literature, it has been treated under the simplifying assumption of constant replication probabilities *p*(*z*), cf. Olofsson ([@CR19]), Vikalo et al. ([@CR24]). For an experimental approach based on differentiation see Swillens et al. ([@CR23]) and for a mathematical paper, focussing however on mutations in an abstract formulation see Piau ([@CR20]). Through the use of digital PCR (Vogelstein and Kinzler [@CR25]) and barcoding (Best et al. [@CR3]; Ståhlberg 2016, personal communication) new possibilities and techniques have been introduced. We hope to be able to treat such frameworks. The present work should be suitable for calibration and interpolation of density values in realtime PCR (Kubista 2016, personal communication) in the usual way. Observed values yield model parameter estimates. Thus specified, the model delivers predictions of missing values.

In our setup, the value of *v* turns out to be crucial, the cases $\documentclass[12pt]{minimal}
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                \begin{document}$$v=1$$\end{document}$ yielding quite different situations. If the starting efficiency $\documentclass[12pt]{minimal}
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                \begin{document}$$v\in (0,1)$$\end{document}$, then individual molecules replicate randomly and essentially independently during an intitial phase. By branching process theory their number will therefore, to begin with, grow like the product of a random factor and the famous exponential population growth. Randomness is therefore an essential part of the initial conditions of later phases with more of interaction with the environment but also more of deterministic structure, due to law of large numbers effects. It is in this sense, the original starting number has been hidden by a 'veil of uncertainty'.
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                \begin{document}$$v=1$$\end{document}$, the first observable process size can be inverted to yield the starting number.

This phenomenon is what we investigate, for PCR in the present paper and for populations in habitats with a finite carrying capacity in a companion paper (Chigansky et al. [@CR5]), cf. also Barbour et al. ([@CR2], [@CR1]). For somewhat related early examples from epidemic processes and a recent from population genetics, cf. Kendall ([@CR12]), Whittle ([@CR26]), Martin and Lambert ([@CR18]).

Mathematical setup {#Sec2}
==================

Denote the number of molecules in the *n*-th PCR cycle by $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_n$$\end{document}$ can be viewed as generated by the recursion$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Z_n = Z_{n-1} +\sum _{j=1}^{Z_{n-1}} \xi _{n,j}, \end{aligned}$$\end{document}$$started at $\documentclass[12pt]{minimal}
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                \begin{document}$$\xi _{n,j}$$\end{document}$'s are Bernoulli random variables taking values 1 and 0 with complementary probabilities, and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathbb {P}\big (\xi _{n,j}=1|Z_{n-1}\big ) = \mathbb {P}\big (\xi _{n,j}=1|\mathcal {F}_{n-1}\big ) = \frac{vK}{K+Z_{n-1}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}_{n-1}$$\end{document}$ denotes the sigma-algebra of the events, observable before time *n*.
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                \begin{document}$$X_n=Z_n/K$$\end{document}$, which we shall call the density process. An important role in its behaviour is played by the function$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f(x)=x+\frac{vx}{1+x}, \end{aligned}$$\end{document}$$which is, indeed, the conditional expectation of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {E}(X_n |X_{n-1}=x)=f(x). \end{aligned}$$\end{document}$$The following result is known, see Kurtz ([@CR14]), Klebaner ([@CR13]).

Theorem 1 {#FPar1}
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                \begin{document}$$K\rightarrow \infty $$\end{document}$. Then, for any *n*,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} X_n \xrightarrow [K\rightarrow \infty ]{\mathbb {P}} f_n(x_0) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$f_n$$\end{document}$ denotes the *n*-th iterate of *f*.

If the PCR starts from a fixed number $\documentclass[12pt]{minimal}
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                \begin{document}$$f_n(0)=0$$\end{document}$, for any *n*, and it follows that $\documentclass[12pt]{minimal}
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                \begin{document}$$\lim _{K\rightarrow \infty }X_n= 0,$$\end{document}$ for any *n*. In other words, the limiting reaction is not observable at any fixed number of repetitions. The main result of this paper is that it becomes observable when the number of iterations is $\documentclass[12pt]{minimal}
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                \begin{document}$$b=1+v$$\end{document}$.

To arrive at the result we make use of a linear replication process $\documentclass[12pt]{minimal}
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                \begin{document}$$Y_n$$\end{document}$, in which the probability of successful molecular replication is constant and equal to *v*. In each round each molecule is thus replaced by two with probability *v*, but remains there alone with probability $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1-v$$\end{document}$. The expected number of successors is thus $\documentclass[12pt]{minimal}
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                \begin{document}$$1-v+2v=1+v=b$$\end{document}$. Mathematically, this process is given recursively by \[see e.g. Haccou et al. ([@CR7]), Harris ([@CR9]) or Jagers ([@CR10])\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Y_n = Y_{n-1} + \sum _{j=1}^{Y_{n-1}} \eta _{n,j}, \end{aligned}$$\end{document}$$where the $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta _{n,j}$$\end{document}$ are independent Bernoulli random variables with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbb {P}(\eta _{n,j}=1)=v. \end{aligned}$$\end{document}$$Since the $\documentclass[12pt]{minimal}
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                \begin{document}$$ Y_n/ b^{n}$$\end{document}$ constitute a uniformly integrable martingale, it has an a.s. limit$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W := \lim _{n\rightarrow \infty } b^{-n} Y_n \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {E}[W] = 1$$\end{document}$, provided $\documentclass[12pt]{minimal}
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                \begin{document}$$Z_0$$\end{document}$ molecules, then in view of the branching property, the corresponding limit is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} W(Z_0)=\sum _{i=1}^{Z_0}W_i, \end{aligned}$$\end{document}$$where the $\documentclass[12pt]{minimal}
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                \begin{document}$$W_i$$\end{document}$ are i.i.d. with the same continuous distribution as *W*. As is well known from branching process theory (see e.g. Theorem 8.2 in Harris ([@CR9])), the moment generating function of the latter $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi (s) = \mathbb {E}[e^{-sW}]$$\end{document}$, is unique among moment generating functions satisfying the functional equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$m=\mathbb {E}(Y_1|Y_0=1)$$\end{document}$. In our case, it takes the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \phi ((1+v)s) = (1-v)\phi (s) + v\phi (s)^2. \end{aligned}$$\end{document}$$The random variable $\documentclass[12pt]{minimal}
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                \begin{document}$$W(Z_0)$$\end{document}$ appears in the main result as an argument of the deterministic function *H* obtained as the limit$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H(x)=\lim _{n\rightarrow \infty }f_n(x/b^n). \end{aligned}$$\end{document}$$Its existence and some properties are studied in the next section. Here we formulate the main result and an important corollary.
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Remark 1 {#FPar3}
--------
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Corollary 1 {#FPar4}
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Remark 2 {#FPar5}
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The limit function *H*(*x*) {#Sec3}
===========================

Existence {#Sec4}
---------
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Continuity {#Sec5}
----------

We show next that the convergence in ([5](#Equ5){ref-type=""}) is uniform on bounded intervals. First observe that$$\documentclass[12pt]{minimal}
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The functional equation {#Sec6}
-----------------------
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Monotonicity {#Sec7}
------------

We show next that *H* is increasing. Let $\documentclass[12pt]{minimal}
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### Corollary 2 {#FPar6}
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Proofs {#Sec8}
======

Let us start with the fundamental recursive equation for the stochastic density process $\documentclass[12pt]{minimal}
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Proof of Theorem [2](#FPar2){ref-type="sec"} {#Sec9}
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In what follows bar denotes the density processes, i.e., $\documentclass[12pt]{minimal}
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Proof of Corollary [1](#FPar4){ref-type="sec"} {#Sec10}
----------------------------------------------

The result follows by induction on *n* from the fundamental representation ([11](#Equ11){ref-type=""}). For $\documentclass[12pt]{minimal}
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The relation to actual observations {#Sec11}
===================================
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There are then two cases, known or unknown rate *v*. In the latter situation, *v* will have to be estimated from the observed concentrations. Further, as pointed out, the cases $\documentclass[12pt]{minimal}
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Now, if entities cannot be deduced *a priori* the question arises to what extent they can be estimated from our sequence of observations. Clearly, in the limit the relation between an observation *x* and its successor in the next round will be that the latter converges to *f*(*x*), as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K\rightarrow \infty $$\end{document}$, by Corollary [1](#FPar4){ref-type="sec"}. Thus e.g.,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \kappa _1 =\kappa _0 + \frac{v\kappa _0}{1+\kappa _0} \end{aligned}$$\end{document}$$or$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} v= \kappa _1(1+\kappa _0) - 1. \end{aligned}$$\end{document}$$These problems are fairly standard in statistical literature but certainly deserve a special investigation in the present context, if possible together with an experimental study of replication of single or few molecules, in order to determine the initial efficiency, *v*.
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